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Consider the linear regression model Yn = Xnβ + Un with observations Yn =
(Y1, . . . , Yn)>, i.i.d. errors Un = (U1, . . . , Un)> with an unknown distribution func-
tion F, and unknown parameter β = (β0, β1, . . . , betap)

>. The n × (p + 1) matrix
X = Xn is known and xi0 = 1 for i = 1, . . . , n (i.e., β0 is an intercept). The α-

regression quantile β̂n(α) is a solution of the minimization
∑n

i=1 ρα(Yi−x>i b) := min
with respect to b = (b0, . . . , bp)

> ∈ Rp+1, where x>i is the i-th row of Xn, i = 1, . . . , n
and ρα(z) = |z|{αI[z > 0] + (1− α)I[z < 0]}, z ∈ R1. The population counterpart

of β̂n(α) is the vector β̃(α) = (β0 + F−1(α), β1, . . . , βp)
>.

? used a linear programming algorithm for calculation of β̂n(α). They also used the
following dual algorithm as a computational device:

Y>n â := max (1)

under the constraint X>n â = (1− α)X>n1n, â ∈ [0, 1]n, 0 ≤ α ≤ 1.

The components of the optimal solution of (??), ân(α) = (ân1(α), . . . , ânn(α))>,
were named the regression rank scores by ?, who used them for construction of the
rank tests in the linear model.
Consider the regression quantile process Zn =

{
Zn(α) = n1/2(β̂n(α) − β̃n(α))

}
and the ordinary quantile process Z

(0)
n =

{
Z

(0)
n (α) = n1/2(F−1n (α) − F−1(α))

}
,

0 < α < 1 where F−1n is the empirical quantile function. Under conditions on X and

F, Zn
D→
(
f ◦ F−1

)−1
Q−1W∗

(p) as n → ∞, where W∗
(p) is a vector of p indepen-

dent Brownian bridges on (0, 1) (see ?).

The scalar statistic

B̄n(α) = x̄>n β̂n(α), x̄n =
1

n

n∑
i=1

xni

is called the averaged regression α-quantile. It is scale equivariant and regression
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equivariant. It was shown by ? that, for every fixed n, B̄n(α) equals to a linear
combination of p+ 1 components of vector of observations Y, corresponding to the
optimal base of the linear programming (??). Asymptotically is B̄n(α) equivalent to
the [nα]-quantile of the location model, as was proved in ?. Under mild conditions,
the process B̄n admits the asymptotic representation

B̄n =
1√

nf(F−1(α))

n∑
i=1

(
I[Ui > F−1(α)]− (1− α)

)
+ o∗p(1).

Moreover, B̄n
D→ (f ◦ F−1)−1W ∗ as n → ∞ where W ∗ is the Brownian bridge on

(0,1); here o∗p(1) means uniform convergence on (ε, 1− ε) for any ε ∈ (0, 1/2).
The weak convergence of process B̄n applies also to its various functionals, what in
turn leads to various useful applications under nuisance regression. Moreover, its
representation coincides with the representation of the ordinary quantile process,
hence B̄n is asymptotically equivalent to the same. This, by ?, is in turn approxi-
mated by a sequence of Brownian bridges.
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